Abstract
Introduction
A Banach space V is said to be injective if for any Banach spaces W 1 ⊆ W 2 , each contraction ϕ : W 1 → V has a contractive extensionφ : W 2 → V . In particular, V = C is an injective Banach space by the Hahn-Banach theorem. (We consider only complex Banach spaces in this paper.) The injective Banach spaces, dual spaces, and second dual spaces were characterized in the 1950s by L. Nachbin [36] , D. Goodner [15] , J. Kelley [24] , M. Hasumi [20] , and A. Grothendieck [16] (see [32] for a comprehensive survey, including the theory of second duals). This work may be summarized as follows. THEOREM 
Let V be a Banach space. (i) V is injective if and only if it is isometric to C(X ) for a Stonean space X . (ii)
The dual space V * is injective if and only if it is isometric and weak * homeomorphic to an L ∞ (X, µ)-space. In this case, V is unique to within isometry, and it is isometric to L 1 (X, µ). It has been known for more than twenty years that analogous results hold for C * -algebras (see, e.g., [4] ). This theory has the drawback that it is concerned with algebras of operators rather than linear spaces of operators. In this paper we show that with one unavoidable change involving local reflexivity, the corresponding results hold for arbitrary operator spaces. Furthermore, we prove that any exact operator space is locally reflexive, another result that was first proved for C * -algebras (see [28] ). This essentially completes a cycle of ideas which had been explored in a variety of papers, including [44] , [28] , and [41] .
An operator space V is a linear space of bounded linear operators on a Hilbert space H. Each matrix space M n (V ) has a canonical norm determined by the operator norm on M n B(H ) = B(H n ).
The central role of these matrix norms is the distinguishing feature of operator space theory, and in particular, they are used in the abstract (Hilbert space-free) description of the operator spaces (see [43] ). Owing to the parallel with quantum mechanics, in which one replaces functions with operators, operator spaces are often thought of as "quantized Banach spaces." The morphisms of operator space theory are the linear mappings that behave well with respect to all of the matrix norms. A linear mapping of operator spaces ϕ : V → W determines linear mappings
and ϕ is said to be completely bounded if ϕ cb = sup ϕ n : n ∈ N < ∞.
Similarly, ϕ is said to be completely contractive (resp., completely isometric) if ϕ cb ≤ 1 (resp., ϕ n is isometric for all n ∈ N). The space CB(V, W ) of all completely bounded operators has a natural operator space structure (see [11] ).
An operator space V is injective (in the operator space sense) if for any operator spaces W 1 ⊆ W 2 , each complete contraction ϕ : W 1 → V has a completely contractive extensionφ : W 2 → V . From the Arveson-Wittstock-Hahn-Banach theorem (see [39, Th. 7 .2]), B(H ) is an injective operator space. This notion had been studied for C * -algebras and von Neumann algebras some years before operator spaces were introduced. Although little is known about the injective C * -algebras, the injective von Neumann algebras were characterized by A. Connes in terms of the hyperfinite von Neumann algebras (see [5] ). This remains one of the central theorems of modern abstract analysis.
In contrast to the situation for Banach spaces, an injective operator space need not be a C * -algebra. Nevertheless, there is a natural analogue for Theorem 1.1(i). We define an off-diagonal corner of a unital C * -algebra A to be an operator subspace of the form e A (1−e), where e is a projection in A. The following analogue of Theorem 1.1(i) was proved in [44, Ths. 4.3 and 4.5] . THEOREM 
Suppose that V is an operator space. Then the following are equivalent: (i)
V is injective; (ii) there is a linear completely isometric mapping of V onto an off-diagonal corner of an injective C * -algebra.
In this paper we begin by proving the following analogue of Theorem 1.1(ii). THEOREM 
Suppose that V is an operator space that is dual as a Banach space. Then the following are equivalent: (i) V is injective; (ii)
there is a linear completely isometric weak * homeomorphism of V onto the off-diagonal corner of an injective von Neumann algebra. Moreover, there is a canonical operator space matrix norm on the (unique) Banach space predual V * of V for which the given isometry (V * ) * ∼ = V is a complete isometry.
The proof of this result depends upon a more general result for off-diagonal corners of operator algebras. For this purpose it is useful to take a more algebraic approach to these spaces. An off-diagonal corner of a C * -algebra is closed under the ternary product (x, y, z) → x y * z. In fact, the off-diagonal corners of C * -algebras essentially coincide with the norm-closed ternary rings of operators (or TRO's; see §2). Similarly, the off-diagonal corners of von Neumann algebras are just the weak * -closed ternary algebras (W * -TRO's).
Ternary algebras were introduced by M. Hestenes [21] . Many of the elementary theorems of operator algebra theory carry over without change to ternary algebras (see [19] , [52] , and [27] ). We need the more difficult fact that a TRO that is dual as a Banach space is a W * -TRO (see Theorem 2.6). This was proved by H. Zettl [52] , who used an intricate argument involving Hilbert modules. We have included a simplified proof of his theorem. Our approach is based upon a TRO generalization of J. Tomiyama's well-known characterization of the contractive conditional expectations in [50] (see Theorem 2.5).
We use Theorem 2.6 to extend several results known for operator algebras to general operator spaces. It is well known that a von Neumann algebra is injective if and only if it is semidiscrete. In Proposition 3.1 we show that with the natural definitions, this is the case for arbitrary dual operator spaces. We also characterize the preduals of injective dual operator spaces in Proposition 3.2.
A C * -algebra A is nuclear if and only if its second dual A * * is an injective von Neumann algebra (see [4] ). In Theorem 4.5 we prove the appropriate operator space analogue of Theorem 1.1(iii). We show that an operator space V is nuclear if and only if V is locally reflexive and V * * is injective. Local reflexivity is an essential condition in this result since E. Kirchberg [28] has constructed a separable nonnuclear operator space V for which V * * = ∞ n=1 M n . Turning to additional C * -algebraic results, we prove that an operator space is nuclear if and only if it is locally reflexive and has the weak extension property (see [8, Prop. 5.4 ] for the C * -algebraic version). In Corollary 4.8 we generalize a C * -algebraic theorem of Kirchberg [28] by showing that any exact operator space is locally reflexive (i.e., C ⇒ C in the terminology of R. Archbold and C. Batty [1] and [8] ).
Our arguments rest, in part, upon the fact that an operator space is locally reflexive if and only if that is the case for its separable subspaces (see Theorem 4.3), and that any separable exact operator space can be embedded in a separable nuclear operator space (see Theorem 4.7).
The last part of Theorem 1.3 has the following interesting consequence. If an injective operator space has a Banach space predual, then it has an operator space predual. C. Le Merdy has shown that this is false in general (see [35] ). He proved that the dual Banach space V = B(H ) * (where H = 2 (N)) can be given an alternative operator space structure for which V is not the dual of an operator space. In §5 we give some additional examples, using von Neumann algebras rather than their duals.
As pointed out by Zettl, one may associate a natural Hilbert module with a TRO, and in fact, these notions are essentially equivalent. We do not use this approach in this paper, but we have included a few remarks in the appendix.
Dual ternary ring of operators
A ternary ring of operators (TRO) between Hilbert spaces K and H is a norm-closed subspace V of B(K , H ) which is algebraically closed under the ternary product
If V is a TRO (resp., a W * -TRO) contained in B(K , H ), then there is a natural operator space matrix norm on V obtained by identifying M n (V ) with a subspace of
for all x, y, z ∈ V . We call π a TRO-isomorphism if it is also a linear isomorphism from V onto W . It is easy to see that the weak * closure V of a TRO is a W * -TRO. If V is an off-diagonal corner of a unital C * -algebra A, that is, there is a projection e ∈ A such that V = e A(1 − e), then V is obviously a TRO. On the other hand, let us suppose that V is a TRO contained in B(K , H ). We fix the notation
Then V V and V V are * -subalgebras of B(H ) and B(K ), and we let C and D denote their norm closures, that is, the C * -algebras generated by V V and V V , respectively. Since V is norm closed,
and thus we may regard V as a (C, D)-bimodule. If we let A be the unital C * -subalgebra of B(H ⊕ K ) defined by
and if we let e ∈ A be the projection
then we have the completely isometric TRO-isomorphism
This shows that the off-diagonal corners of unital C * -algebras are, up to TRO-isomorphism, the TRO's. In much the same manner, we may identify the off-diagonal corners of von Neumann algebras with the W * -TRO's. If V is an off-diagonal corner of a von Neumann algebra R, then it is immediate that V is a W * -TRO. On the other hand, if V is a W * -TRO contained in B(K , H ), we let M and N denote the weak * closures of 
is a von Neumann subalgebra of B(H ⊕ K ). Letting e be the projection given in (3), we have the completely isometric and weak * continuous TRO-isomorphism
Our goal in this section is to show that any TRO V that is the Banach space dual of some Banach space must be a W * -TRO. To understand the significance of this result, let us suppose that V is an arbitrary weak * -closed subspace of B(H ). From standard Banach space theory, V may be identified with the Banach space dual of
But from elementary operator space theory, B(H ) is also the operator space dual of B(H ) * , and as a result, V is the operator space dual of V * (see, e.g., [13, Prop.
4.2.2])
. In particular, for each n ∈ N, we may identify M n (V ) with the Banach space dual of T n ⊗V * , and therefore the unit ball of M n (V ) is weak * closed. By contrast, if an operator space V is a dual Banach space, that is, it is the dual of a Banach space V * , we cannot conclude that the unit ball of M n (V ) is weak * closed for n > 1. A TRO V ⊆ B(K , H ) is said to be nondegenerately represented on K and H if V K is norm dense in H and if V H is norm dense in K . In this case it is easy to see that the C * -algebras C and D are nondegenerately represented on H and K , respectively. The weak * closure V is a W * -TRO with M = C , N = D , and
since if we let C be the norm closure of V V and if we let {c α } be a positive and contractive approximate identity in the C * -algebra C, then 
Proof
Using a simple spectral argument, L. Harris proved in [19, Prop. 3.4 ] that every TROhomomorphism (resp., injective TRO-homomorphism) π : V → W is contractive (resp., isometric). Given TRO's V and W and a TRO-homomorphism, π : V → W , we have that for each n ∈ N,
is also a TRO-homomorphism (resp., injective TRO-homomorphism), and the result follows.
It follows that, as in the case of a C * -algebra, the operator space structure on a TRO does not depend upon the given TRO representation. M. Hamana has proved a refinement of this result in [17] and [18] . If ϕ : V → W is a linear surjection of TRO's, then the following are equivalent: (5) , J J J is norm dense in J , and therefore V J V is contained in the norm closure of (V J J )J V . Since J is an ideal, the latter is contained in J . The following result may be found in [18, Prop. 2.1] . We have included a proof for the convenience of the reader. PROPOSITION 
2.2
Let V be a TRO (resp., W * -TRO), and let J be a TRO ideal (resp., weak * -closed TRO ideal). Then V /J is a TRO (resp., W * -TRO) with the induced ternary product and operator space structure.
We let
for all x J , y J , z J ∈ V /J , and it maps V /J onto the off-diagonal corner e I A/I (1−e I ) of the C * -algebra A/I , where we let e I = e + I denote the corresponding projection in A/I . To complete the proof, we only need to show that π is a complete isometry. Given x J ∈ V /J , we have
This shows that π is an isometry. A similar matrix norm calculation shows that π is a complete isometry. Therefore, V /J is completely isometrically TRO-isomorphic to e I (A/I )(1 − e I ).
If ϕ : V → W is a TRO-homomorphism, then J = ker ϕ is a TRO ideal in V . The mapping ϕ induces an injective (completely isometric) TRO-homomorphism from V /J into W . It follows that ϕ(V ) is closed in W and ϕ(V ) is a sub-TRO of W . If the TRO-homomorphism ϕ is surjective, it must be an exact complete quotient mapping in the sense that for each n ∈ N, ϕ n maps the closed unit ball of M n (V ) onto the closed unit ball of M n (W ). This is an elementary result for quotients of C * -algebras. From above, we may identify V /J with e I (A/I )(1 − e I ) where I is a closed ideal in a C * -algebra A and where e is a projection in A. Given w ∈ V /J with w ≤ 1, we may choose a ∈ A with a ≤ 1 and with ϕ(a) = w. The element v = ea(1−e) ∈ V satisfies v ≤ 1 and ϕ(v) = w. The same argument can be used for matrices.
If V is a TRO and if r ∈ V is a partial isometry, that is, rr * r = r , we let e r = rr * ∈ C and f r = r * r ∈ D denote the range and support projections of r , respectively. It is easy to prove (see [19] and [52] ) that the norm-closed subspace
is a unital C * -algebra with multiplication and involution given by
The unital element is given by
, and thus it is a von Neumann algebra. The following important result of Zettl [52, Prop. 4.3] shows that if V is a TRO and if it is a Banach space dual, then V has an abundance of such partial isometries. Using this result, we are able to "locally" apply von Neumann algebra results to such dual TRO's. We have included a somewhat modified proof. PROPOSITION 
2.3
Let V be a TRO that is also a dual Banach space; that is, V = (V * ) * for some Banach space V * . If ϕ ∈ V * and ϕ = 1, then there exists a partial isometry r ∈ V and states p ∈ C * and q ∈ D * such that
for all c ∈ C, d ∈ D, and x ∈ V. In particular, ϕ(x) = ϕ(e r x f r ).
Proof
If ϕ ∈ V * and ϕ = 1, we may select an element x in the unit ball V 1 of V with ϕ(x) = 1. It follows that Re ϕ assumes the maximum value 1 on V 1 . Since V 1 is V * -compact and convex and since
implies that ϕ(r ) = 1. From [52, Lem. 1.3], r must be a partial isometry in V . We define p(c) = ϕ(cr ) and
for all c ∈ C and d ∈ D. We have that q ≤ 1 and
Thus q is a state on D. Similarly, p is a state on C.
We have a contractive linear functional f r ϕ on V defined by
it follows that f r ϕ = ϕ = 1. From the proof of [7, Lem. 3.1] , it follows that f r ϕ = ϕ, and thus
A similar argument shows that
From these relations, we have ϕ(x) = ϕ(e r x) = ϕ(e r x f r ).
PROPOSITION 2.4 A TRO-isomorphism between dual TRO's is automatically weak * continuous, and thus the Banach space predual of a dual TRO is unique.
Proof Let V and W be TRO's with Banach space preduals V * and W * , and let π : V → W be a TRO-isomorphism from V onto W . It suffices to show that for each ϕ ∈ W * , ϕ • π is contained in V * . Given ϕ ∈ W * , it follows from Proposition 2.3 that there is a partial isometry r ∈ W such that ϕ(w) = ϕ(e r w f r )
for all w ∈ W . Since π is a TRO-isomorphism,r = π −1 (r ) ∈ V is a partial isometry in V . It is easy to see that π restricted to V (r ) induces a * -isomorphism θr from the von Neumann algebra V (r ) onto the von Neumann algebra W (r ) . If x α → x ∈ V in the weak * topology, then er x α fr → er x α fr ∈ V (r ) in the weak * topology. Since θr is a * -isomorphism between von Neumann algebras, it is automatically weak * continuous, and θr (er x α fr ) converges to θr (er x fr ) with respect to the weak * topology in W . Applying ϕ ∈ W * , we conclude
This shows that ϕ • π is weak * continuous on V .
Let V be a sub-TRO of W , and let P be a projection from W onto V . Then P is called a conditional expectation if the following hold: C1 P(x y * w) = x y * P(w) for all x, y ∈ V and w ∈ W ; C2 P(wx * y) = P(w)x * y for all x, y ∈ V and w ∈ W ; C3 P(xw * y) = x P(w) * y for all x, y ∈ V and w ∈ W . The following is the TRO analogue of Tomiyama's conditional expectation theorem in [50] (see also [37, Th. 5] ). THEOREM 
2.5
Let V be a sub-TRO of W , and let P be a projection from W onto V . Then the following are equivalent:
P is a contractive conditional expectation.
Proof
The implication (i) ⇒ (ii) is obvious. Let us prove (ii) ⇒ (iii). Passing to the second duals, and replacing V and W by their weak * closures, we may assume that V and W are W * -TRO's and that P is weak * continuous. We can choose Hilbert spaces H and K and an identification of V ⊆ W with an inclusion of weak * -closed sub-TRO's of
Given a projection e ∈ M and w ∈ W , we claim that
P(ew) = e P(w).
To see this, we let f = 1 − e ∈ M. Since f P(ew) ∈ V , we have for any λ ∈ R,
In the last equality we used the fact that if b and c are operators with orthogonal ranges, then b * c = c * b = 0 and
Since λ ∈ R is arbitrary, we obtain f P(ew) = 0 or, equivalently, P(ew) = e P(ew). Similarly, we obtain e P( f w) = 0 and hence e P(w) = e P(ew). It follows that
P(ew) = e P(ew) = e P(w).
Since the linear span of projections in M is weak * dense in M, given any a ∈ V V ⊆ M, there exists a net {a α } of the linear combination of projections in M such that a α converges to a in the weak * topology. It is clear that a α w converges to aw in the weak * topology in W and, by the weak * continuity of P, that P(a α w) converges to P(aw) in the weak * topology in V . Thus we have proved condition C1,
P(aw) = a P(w).
Condition C2 follows from a similar argument; that is, we have
for all b ∈ V V and w ∈ W . It remains to prove C3, that is,
for x, y ∈ V and w ∈ W . Fix x, y ∈ V and w ∈ W . It suffices to show that
for all ϕ ∈ V * . Given ϕ ∈ V * with ϕ = 1, we may select an element x 0 in the closed unit ball V 1 of V such that ϕ(x 0 ) = 1. Since P is a weak * continuous contractive projection from W onto V , ϕ • P ∈ W * and
It is evident that
is a face of V 1 , and in particular, the extreme points of K are extreme in V 1 . We may repeat the argument in the proof of Proposition 2.3 for both ϕ and ϕ • P. Briefly, we may find a partial isometry r in K , and we may obtain a state p V on the * -algebra V V and a state p W on the * -algebra W W such that
for all x ∈ V and w ∈ W , respectively. It follows that
for all x ∈ V , and similarly,
for all w ∈ W . Thus we have
This proves (iii).
To prove (iii) [40, §2.2.4] ) and, in turn, an x ∈ V with xξ = 0. It follows that x * xξ = 0 and K (x, ξ ) = V * V x * xξ = {0}. Applying Zorn's lemma, we let K α = K (x α , ξ α ) (α ∈ I ) be a maximal family of mutually orthogonal subspaces of K of that form. The K α span K since if ξ ∈ K \{0} and ξ ⊥ K α for all α ∈ I , then given x ∈ V with xξ = 0, K (x, ξ ) ⊥ K α for all α, a contradiction. Taking dot products, it is evident that the subspaces V K α are mutually orthogonal in H . Thus the subspaces (K α ) n are mutually orthogonal and span K n , and
and we have
Take ε > 0 so that
and thus ξ < 1. Similarly, we have η < 1. Also, it is easy to check that Finally, we have
This completes the proof.
Our proof of (ii) ⇒ (iii) was based on E. Lance's approach to Tomiyama's result (see [49, §9] ) and arguments from [52] . The proof of (iii) 
Proof
The uniqueness of the Banach space predual was proved in Proposition 2.4.
Let us suppose that V is a TRO and that V is the Banach space dual of a Banach space V * . We wish to show that one can define operator space norms on V * for which V is the operator dual space of V * .
The second dual TRO W = V * * is a W * -TRO. If we let ι be the canonical inclusion of V * into V * , then P = ι * is a weak * continuous norm one projection from W onto V . By Theorem 2.5, P is a conditional expectation from W onto V . It follows from C1 that the kernel
Since V is weak * dense in its second dual W and since the ternary multiplication on W is weak * continuous in each component, V V J is weak * dense in V W J and thus weak * dense in W W J . Since J is weak * closed, we have
A similar argument using condition C2 shows that
Therefore, J is a weak * -closed TRO ideal in W . From Proposition 2.2, V = W/J is a W * -TRO, and therefore it is the dual of an operator spaceṼ * . Owing to the unicity of the predual, we may identify the underlying Banach space ofṼ * with V * . The matrix norms onṼ * determine matrix norms on V * for which V is the operator dual ofṼ * .
Dual injective operator spaces
We can now prove our characterization of the dual injective operator spaces.
Proof of Theorem 1.3 (ii) ⇒ (i).
If R is an injective von Neumann algebra and if e ∈ R is a projection, then e R(1 − e) is closed in the weak * topology, and thus it is a dual Banach space. From Theorem 1.2, we also have that e R(1 − e) is injective.
(i) ⇒ (ii). From Theorems 1.2 and 2.6, we may assume that V = e R(1 − e), where R is a von Neumann algebra and where e is a projection in R. If we let c(e) and c(1 − e) be the central covers of e and (1 − e) in R, and p = c(e)c(1 − e), then V = e( p R)(1 − e). Thus, replacing R by p R, we may initially assume that e and (1 − e) have central covers equal to 1.
Using standard comparison theory, we can find another projection f ∈ R with central cover 1 for which f e and f (1 − e). Thus we have partial isometries v, w ∈ R with v * v = f , vv * = f 2 ≤ 1 − e, and w * w = f, ww * = f 1 ≤ e. It follows that the space f R f is completely isometric to f 1 R f 2 ⊆ e R(1 − e) since there is a complete isometry from f R f onto f 1 R f 2 given by
It is evident that x → f 1 x f 2 is a completely contractive projection of the injective operator space V = e R(1−e) onto f 1 R f 2 , and thus both f 1 R f 2 and f R f are injective operator spaces.
Since f has central cover 1, it follows from multiplicity theory that there is a Hilbert space K for which we have a von Neumann algebraic isomorphism We say that a dual operator space V is semidiscrete if there exist diagrams of weak * continuous complete contractions
which approximately commute in the point-weak * topology (see [10] for the equivalent von Neumann algebra notion). PROPOSITION 
Suppose that V is a dual operator space. Then the following are equivalent: (i) V is injective; (ii)
V is semidiscrete.
Proof (i) ⇒ (ii).
It follows from Theorem 1.3 that there is an injective von Neumann algebra R and a projection e ∈ R such that V ∼ = e R (1 − e) is a completely isometric weak * homeomorphism. Then the result is an immediate consequence of the fact that all injective von Neumann algebras are semidiscrete.
(ii) ⇒ (i). Given operator spaces W 0 ⊆ W and a complete contraction s : W 0 → V , the compositions ϕ α • s : W 0 → M n(α) are complete contractions, and thus they have completely contractive extensions s α : W → M n(α) . Then {ψ α • s α } is a net of complete contractions in CB(W, V ) = (W⊗V * ) * , and it must have a subnet converging to a complete contractions ∈ CB(W, V ) in the weak * topology. It is easy to check thats is a completely contractive extension of s. This shows that V is an injective operator space.
The preduals of injective operator spaces were considered in [31] . An operator space Z has the operator space local lifting property if given a diagram
where W is a closed subspace of an operator space Y, q is the quotient mapping, and ϕ is a complete contraction, then for each finite-dimensional subspace E of Z and ε > 0, there is a mappingφ : E → Y with φ cb < 1 + ε and q •φ = ϕ |E . This is not the same as Kirchberg's notion of the "local lifting property" in [26] , in which only C * -algebraic quotients are considered. The following result settles a question posed in [31] . PROPOSITION 
Suppose that V is a dual operator space with the operator predual V * . Then the following are equivalent: (i) V is injective; (ii) there exists an injective von Neumann algebra R and a projection e ∈ R such that V * is completely isometric to (1 − e)R * e; (iii) V * is completely isometric to a completely contractively complemented operator subspace of the operator predual R * of some injective von Neumann algebra R; (iv)
there exist diagrams of complete contractions
which approximately commute in the point-norm topology; (v)
V * has the operator space local lifting property.
. This is an immediate consequence of Theorem 1.3.
(ii) ⇒ (iii). This is trivial.
(iii) ⇒ (iv). Let us assume that R is injective and that Q : R * → V * is a completely contractive projection. Since R is semidiscrete, there exist weak * continuous complete contractions s α : R → M n(α) and t α : M n(α) → R such that t α • s α → id R in the point-weak * topology. It follows that the preadjoints (t α ) * : R * → T n(α) and (s α ) * : T n(α) → R * are complete contractions and that (s α ) * • (t α ) * : R * → R * converges to id R * in the point-weak topology. By a standard convexity argument, we may have complete contractionsφ α : R * → T n(α) andψ α : T n(α) → R * such that ψ α •φ α → id R * in the point-norm topology. It follows that ϕ α =φ α | V * : V * → T n(α) and ψ α = Q •ψ α : T n(α) → V * are complete contractions such that ψ α • ϕ α → id V * in the point-norm topology. 
Nuclear operator spaces An operator space V is nuclear if there exist diagrams of complete contractions
which approximately commute in the point-norm topology. The usual convexity argument shows that it is equivalent to assume that these diagrams commute in the point-weak topology. R. Smith showed that for C * -algebras it is also equivalent to the usual definition of nuclearity introduced by Lance (who used completely positive contractions; see [33] and [47] ). 
Proof
Let V 0 be a separable operator subspace of V , and let
be an increasing sequence of finite-dimensional operator subspaces of V 0 such that ∪E k is norm dense in V 0 . In the following we use an induction procedure to construct a separable nuclear operator subspace V 1 of V such that V 0 ⊆ V 1 .
For k = 1, we let F 1 = E 1 , and we let {v 1 1 , . . . , v 1 m 1
} be a finite subset in the closed unit ball of F 1 , such that for every v ∈ F 1 with v ≤ 1, there exists some
By the triangle inequality, this implies that
for all v in the closed unit ball of F 1 .
For k = 2, we let } be a finite subset of the closed unit ball of F 2 such that for every v ∈ F 2 with v ≤ 1, there exists some v 2 j such that v − v 2 j < 1/16. Since V is nuclear, there exists a diagram of complete contractions
for all v in the closed unit ball of F 2 .
Continuing in this manner, we obtain an increasing sequence of finite-dimensional operator spaces
and a sequence of completely contractive diagrams
for all v in the closed unit ball of F k and k ∈ N. Let V 1 be the closed union ∪F k . Then V 1 is a separable operator subspace of V containing V 0 as a subspace. From the above construction, it is easy to see that the diagrams of complete contractions
converge to the identity mapping on V 1 in the point-norm topology. Therefore, V 1 is nuclear.
An operator space V is said to be locally reflexive if for any finite-dimensional operator space E, each complete contraction ϕ : E → V * * can be approximated in the point-weak * topology by complete contractions ψ : E → V . Equivalently, for any finite-dimensional subspace F ⊆ V * and ε > 0, we can find a complete contraction ψ ε : E → V such that
for all x ∈ E and f ∈ F (see [9, Lem. 6.4] ). The following result is due to L. Ge and D. Hadwin [14] . (The averaging argument used in their proof may also be found in [42] .) LEMMA 
4.2
Let V be an operator space, and let E be any finite-dimensional subspace of V * * . For any finite-dimensional subspace F ⊆ V * , ε > 0, and n ∈ N, there exists a linear isomorphism ψ from E onto a subspace E ψ ⊆ V such that
THEOREM 4.3 An operator space V is locally reflexive if and only if that is the case for each separable subspace.
Proof Since any subspace of V is locally reflexive, it is evident that the first condition implies the second. Conversely, let us suppose that each separable subspace of V is locally reflexive. It suffices to show that if ϕ : E → V * * is a complete contraction and if F ⊆ V * is finite-dimensional, then for each ε > 0, there exists a mapping ψ ε : E → V satisfying (7) for all x ∈ E and f ∈ F.
It follows from Lemma 4.2 that we may find a mapping ψ (n) :E → V such that ψ (n) n < 1 + 1/n, and
for all x ∈ E and f ∈ F. The norm-closed linear span V 0 of the union of subspaces ψ (n) (E) with n ∈ N is separable in the norm topology, and we can regard ψ (n) as a sequence in B(E, V * * 0 ). Since the closed ball of radius 2 is compact in the pointweak * topology on the latter space, we may choose a limit point ψ : E → V * * 0 of the sequence ψ (n) . We have that if r ≤ n, then
and thus ψ r ≤ 1. It follows that ψ cb ≤ 1. Furthermore, we have that
for all x ∈ E and f ∈ F. Since, by assumption, V 0 is locally reflexive as an operator space, if we are given ε > 0, we may find a mapping ψ ε : E → V 0 satisfying (7) with φ = ψ for all x ∈ E and f ∈ F. THEOREM 
4.4
If V is a nuclear operator space, then V is locally reflexive.
Proof
Let us first suppose that V is separable. Kirchberg has shown that the hypotheses imply that there exist a left ideal L and a right ideal R of the
). If we let l and r be the supporting projections of L and R, then e = 1 − r and f = 1 − l are closed projections in B * * such that V * * is completely isometrically and weak * continuously isomorphic to e B * * f . Since B is nuclear, B * * is injective, and thus the same is true for V * * = e B * * f. In order to see that V is locally reflexive, we use the commutative diagram
= e B * * f where π is the quotient mapping, each row is the usual inclusion of a space into its second dual, and the right mapping is given by x → ex f. Given a finite-dimensional operator space F and a complete contraction
we can use the fact that nuclear C * -algebras are locally reflexive to approximate ϕ in the point-weak * topology by a net of mappings ϕ γ : F → B. It follows that the mappings π • ϕ γ : F → V converge to ϕ in the point-weak * topology, and thus V is locally reflexive.
For the general case, we have from Theorem 4.3 that it suffices to prove that if V 0 ⊆ V is separable, then V 0 is locally reflexive. From Proposition 4.1, we have V 0 ⊆ V 1 , where V 1 is norm separable and nuclear, and thus V 1 is locally reflexive. It follows that V 0 is locally reflexive.
An operator space V is said to have the weak expectation property if, given a Hilbert space H and a completely isometric injection π : V → B(H ), there exists a completely contractive projection P : B(H ) → π(V ) (the σ -weak operator closure) such that P • π(v) = π(v) for all v ∈ V. It suffices to prove this for the "universal representation"
determined by taking the direct sum of all complete contractions ϕ : V → M n (n ∈ N); π u determines a weak * homeomorphic completely isometric mappingπ u of V * * onto π(V ). It is a simple matter to verify that if V = A is a C * -algebra, this coincides with the notion introduced by Lance [33] . The equivalence (i) ⇔ (iv) in the following proposition was proved for C * -algebras in [8, Prop. 5.4] . THEOREM 
4.5
Suppose that V is an operator space. Then the following are equivalent:
V is locally reflexive, and V * * is semidiscrete (i.e., injective); (iii) V is locally reflexive, and V * has the operator space local lifting property; (iv) V is locally reflexive, and V has the weak expectation property.
. If V is nuclear, then from Theorem 4.4, V is locally reflexive. To see that V * * is semidiscrete, consider the diagrams
where the bottom triangle is approximately commutative in the point-norm topology and where E is a finite-dimensional subspace of V * * . Given a finite-dimensional subspace F ⊆ V * , we may choose θ : E → V such that θ cb < 1 + ε and
The composition σ • θ : E → M n has a weak * continuous extensionσ : V * * → M n satisfying σ cb < 1+ε. To see this, we note that the inclusion mapping ι : E → V * * is the adjoint of a mapping ρ : V * → E * , and since ι is completely isometric, ρ must be a complete quotient mapping. In particular, if we indicate weak * continuous mappings with the subscript w * , we have the commutative diagram
in which the top and bottom rows are quotient mappings. It follows that σ • θ ∈ C B(E, M n ) is the restriction of a weak * continuous mappingσ ∈ CB(V * * , M n ) with the desired norm property. We conclude that the diagrams
withσ weak * continuous approximately commute in the point-weak * topology.
(ii) ⇒ (i). This is immediate from the diagrams
in which we let σ 0 be the restriction of σ, and we use local reflexivity to approximate τ in the point-weak * topology by complete contractions τ 0 .
(ii) ⇔ (iii). This is a consequence of Proposition 3.2.
(ii) ⇒ (iv). This is trivial if one uses the universal representation of V. The equivalences (i) ⇔ (ii) and (ii) ⇔ (iv) above were proved for C * -algebras in [4] and [8] , respectively. An intriguing aspect of the C * -algebraic situation is that one does not need the condition of local reflexivity for (i) ⇔ (ii). As we remarked in the introduction, (ii) ⇒ (i) is false for operator spaces if one does not assume V is locally reflexive. The situation is clarified by the following result (see [3, p. 72 Turning to another property that was first considered for C * -algebras, an operator space V is said to be exact if for each finite-dimensional subspace E ⊆ V and ε > 0, there exists an n ∈ N, a subspace S ⊆ M n , and a linear isomorphism ϕ : E → S for which ϕ cb ≤ 1 and ϕ −1 cb ≤ 1 + ε. An equivalent property for C * -algebras was first introduced by Kirchberg [25] . Kirchberg and N. Phillips [29] have shown that any separable exact C * -algebra is * -isomorphic to a C * -subalgebra of the Cuntz algebra O 2 (which is nuclear). However, there is an example of a separable nuclear operator space (in fact, an operator system) which is not unital completely isometric to an operator subspace of any nuclear C * -algebra (see [30, Cor. 18] ). For operator spaces, we have the following interesting alternative result. THEOREM 
4.7
If V is a separable exact operator space, then it is completely isometric to a subspace of a separable nuclear operator space.
Proof
We let E 1 ⊆ E 2 ⊆ · · · be an increasing sequence of finite-dimensional operator subspaces of V such that V = ∪E k .
We claim that there is a sequence {n(k)} of natural numbers and a diagram of mappings
We proceed by induction. Since E 1 is exact, we may find an integer n(1), an operator space S 1 ⊆ M n (1) , and a linear isomorphism
Suppose that n(k) and
are given. We construct n(k +1), i k+1 , and ϕ k so that they satisfy the above conditions.
Since E k+1 is exact, there exist an integer m, an operator space S k+1 ⊆ M m , and a linear isomorphism j : E k+1 → S k+1
such that j cb ≤ 1 and j −1 cb < 1 + 1/2 k+1 . Since M n(k) is injective, there is an
Since M m is injective, there is a
We let n(k + 1) = n(k) + m, and we define i k+1 :
If r ∈ N and x ∈ M r (E k+1 ),
and thus we have i
it is a simple matter to verify that we also have (ii) and (iii).
We next construct the inductive limit of the spaces M n(k) . For k < l, we define a complete isometry
If k ≥ l, we let ϕ k,l = 0. We let ∞ (N, M n(k) ) denote the von Neumann algebra of bounded sequences (x l ) with x l ∈ M n(l) , and we let c 0 (N, M n(k) ) be the ideal of sequences converging to zero. We have that A = ∞ (N, M n(k) )/c 0 (N, M n(k) ) is a C * -algebra, and for each k ∈ N we may define a complete isometry
) is a separable nuclear operator space.
For each x ∈ ∪E k , we define
This limit exists since if k < l,
and thus i extends to a complete isometry of V into Y. 
The first implication was proved by G. Pisier in [41] . For the second, it suffices to prove that any separable subspace V 0 ⊆ V is locally reflexive. From Theorem 4.7, V 0 ⊆ V 1 where V 1 is a separable nuclear operator space. We have already seen that any nuclear operator space is locally reflexive, and thus the subspace V 0 is locally reflexive.
A counterexample
Le Merdy [35] has shown that there exist operator spaces that are dual Banach spaces but which are not dual operator spaces. In this section we show that one can construct additional examples of this phenomenon by modifying the operator space matrix norm on a von Neumann algebra.
Let us suppose that H is an infinite-dimensional Hilbert space. We let c 0 (K (H )) denote the C * -algebra of all sequences (v k ) with v k ∈ K (H ) and lim k→∞ v k = 0. There is a canonical operator space matrix norm { · n } on c 0 (K (H )) determined by the identification
With this operator space matrix norm, we have the complete isometry
Taking the operator space dual and second dual, we have the complete isometries
where ∞ (B(H )) is the von Neumann algebra of all bounded sequences
We let { · n } denote the corresponding operator space matrix norms on 1 (K (H ) * ) and ∞ (B(H )). The matrix norm on the latter space is determined by the identifications
We may define a modified operator space matrix norm {||| · ||| n } on ∞ (B(H )) as follows. We fix a free ultrafilter U on N, and for each [(v 
Since the first expression on the right-hand side is the usual norm on M n ( ∞ (B(H ))) and since the second is an operator matrix seminorm, it is immediate that {||| · ||| n } is an operator space matrix norm on ∞ (B(H )). We have ||| · ||| 1 = · 1 since the "op" does not affect the first level, and we have · n ≤ ||| · ||| n for all positive integers n. It is evident that these two matrix norms are not equal, and in fact, they are not equivalent on ∞ (B(H )), that is, there is no constant C > 0 such that ||| · ||| n ≤ C · n for all n ∈ N. PROPOSITION 
5.1
The operator space ∞ (B(H )), {||| · ||| n } is a dual Banach space, but it is not the dual of an operator space.
Proof
Since ||| · ||| 1 = · 1 , the first assertion is obvious.
Let us suppose that ∞ (B(H )), {||| · ||| n } is completely isometric to the operator space dual of an operator space (X, {||| · ||| n }). Owing to the uniqueness of the Banach space predual of a von Neumann algebra, we may identify the Banach spaces (X, ||| · ||| 1 ) and 1 (K (H ) * ), · 1 . We then have that 1 (K (H ) * ) is provided with two matrix norms { · n } and {||| · ||| n }, for which the dual operator space matrix norms are the matrix norms { · n } and {||| · ||| n } on ∞ (B(H )).
Given an operator space V and its operator dual V * , we have for each
It follows that for any
We conclude that ||| · ||| n = · n on M n ( 1 (K (H ) * )) for all n ∈ N, and by duality, ||| · ||| n = · n on ∞ (B(H )), which is a contradiction. It is thus apparent that the von Neumann algebras M and N considered in (4) do not depend on the choice of a nondegenerate representation of V .
Appendix
The following result of Smith [48] is an elementary consequence of the above discussion. (It also follows from a purely algebraic argument in [21] .) PROPOSITION 
A.1 Every finite-dimensional TRO is injective.

Proof
If V is a finite-dimensional TRO, then the C * -algebra C = K (H V ) and D = K ( V H ) constructed above are clearly finite-dimensional. Therefore, the C * -algebra A in (2) is finite-dimensional and thus injective. Therefore, V = e A(1 − e) is an injective TRO.
We also have a useful refinement of Theorem 2.6. Let us suppose that V * is separable, and let us fix a norm dense sequence f k ∈ V * . Then the closed unit ball V 1 is a compact metrizable space in the σ (V, V * )-topology, and in particular, it has a sequence x n that is σ (V, V * )-dense in V 1 . We let be the set of elementary tensors x n ⊗ f k , and we let D ⊆ M(C) * be the image of under the quotient mapping. D is countable, and we claim that the linear span of D is norm dense in V ⊗ γ M(D) V * . If this is not the case, then there exists a c ∈ M(C) such that f n (cx j ) = 0 for all j and n. But that in turn implies that cx j = 0 for all j. Since x → cx is continuous in the weak * topology, it follows that cx = 0 for all x ∈ V 1 , and thus c = 0. Thus M * = M(C) * is norm separable.
A similar proof shows that N * = M(D) * is separable, and thus
also has a separable predual. A dense sequence of normal states determines a faithful normal representation of R.
